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Abstract

We consider a new optical property of quantum vacuum, as predicted by
quantum electrodynamics. It is associated with the propagation of an intense
laser pulse, in the presence of a periodic static magnetic field. The existence
of an effective charge distribution for the intense laser beam is demonstrated.
The photon undulator effect results from the spacetime modulations of this
effective charge. This is similar to an electron undulator, where the electron
beam is replaced by a photon beam. We also discuss a closely related effect,
which can be called photon transition radiation in vacuum. It is associated with
the effective charge variation at a magnetic boundary. This work could lead
to new experimental configurations for quantum vacuum research with future
multi-Peta–Watt laser systems.

PACS numbers: 12.20.Ds, 14.70.Bh, 42.50.Xa

1. Introduction

It is well known that vacuum can be considered a nonlinear optical medium, due to the
excitation of virtual electron–positron pairs, as predicted by quantum electrodynamics (QED)
[1, 2]. However, these nonlinear corrections to the photon dispersion relation in vacuum are
extremely weak, and have not been directly observed. Several different experimental tests of
such nonlinearities have been proposed. They include photon splitting and birefringence [3, 4],
second harmonic generation [5], self-focusing [6] and nonlinear wave mixing in the microwave
[7] or in the optical domain [8]. Attention has also recently been given to collective photon
phenomena [9], such as the electromagnetic wave collapse [10, 11], photon acceleration in
vacuum [12], as well as the formation of photon bullets [13] and light wedges [14].

In the present work, we consider a new class of optical quantum vacuum effects, which are
associated with the propagation of an intense laser pulse (or a more arbitrary radiation signal),
in the presence of a non-uniform static magnetic field, produced by some external magnetic
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source. These effects are essentially due to the existence of an effective charge distribution
for the intense laser pulse. Such a charge is formally similar to that already demonstrated for
photons in a plasma [15] and, in that sense, quantum vacuum could be seen as a kind of virtual
plasma, made up of virtual electron–positron pairs. Other effects in magnetized vacuum have
also been discussed in the literature, such as photon bending and vacuum lensing [16, 17].
Reference should also be made to experimental work on vacuum magnetic birefringence, as
recently discussed in [18].

Here we first demonstrate the existence of photon effective charge in a magnetized vacuum.
We will consider an intense photon beam, such as that of an intense laser pulse, propagating
in a wiggler magnetic field, similar to those used in free electron laser research. But here the
relativistic electron beam will be replaced by the intense laser pulse. The resulting photon
undulator effect is a direct consequence of the spacetime modulations of the laser effective
charge distribution in vacuum. We will also show that a closely related effect can take place at
the boundary between two regions of different vacuum magnetization. This new effect leads
to the emission of a burst of broadband radiation, when the laser pulse crosses the magnetic
boundary, and can be called photon transition radiation in vacuum.

2. Basic equations

The nonlinear QED effects associated with the creation of virtual electron–positron pairs in
vacuum can be described by the Heisenberg–Euler Lagrangian density, which can be written as
the usual classical electromagnetic Lagrangian density L0 plus a nonlinear quantum correction
δL, of the form [1, 19]

L = L0 + δL = ε0F + ζ(4F2 + 7G2), (1)

where the quantities F and G are the relativistic invariants defined by F = 1
2 (E2 − c2B2)

and G = c( �E · �B). The nonlinear parameter appearing in (1) is ζ = 2α2ε2
0h̄

3
/

45m4
ec

5, and
α = e2/2ε0hc � 1/137 is the fine structure constant. This is valid for sub-critical field
intensities, such that the creation of real pairs can be neglected [2]. The resulting Maxwell’s
equations in vacuum take their usual form, but where the polarization and magnetization
vectors resulting from the nonlinear QED corrections included in (1) are given by

�P = 2ζ(4F �E + 7cG �B), �M = −2c2ζ(4F �B + 7G �E/c). (2)

We can then derive a propagation equation for the electric field �E in the form(∇2 − c−2∂2
t

) �E = μ0
[
∂2
t

�P + c2∇(∇ · �P) + ∂t (∇ × �M)
]
, (3)

and a similar equation for the magnetic field.
We consider wave propagation in vacuum in the presence of a static magnetic field �Be

produced by some external source. In order to treat this case, we have to replace in equations (2)
and (3) the total magnetic field �B by ( �B + �Be), where the first term represents the wave field.
If an intense laser pulse propagates in such a magnetized vacuum, secondary radiation can
eventually be emitted. The total electric field is then made of two distinct parts �E0 and �E, such
that |E0| � |E| represents the intense laser field. The same will occur for the wave magnetic
field terms �B0 and �B, with |B0| � |B|. We can describe the laser field by

�E0(�r, t) = �E0(�r⊥, η) exp(i�k0 · �r − iω0t) + c.c. (4)

where �E0(�r⊥, η) describes the slowly varying pulse envelope, with the axial co-moving
variable η = (z − v0t), and the transverse vector position �r⊥ ≡ (x, y), for propagation along
the z-direction. We also have �k0 and ω0 = k0c as the central values of the pulse wavevector
and frequency. Here, the pulse group velocity is v0, nearly equal to but slightly smaller than c,

2



J. Phys. A: Math. Theor. 42 (2009) 375403 J T Mendonça

due to the finite transverse dimensions of the laser pulse. It is also obvious that �B0 = E0 �b0/c,
with �b0 = �k0 × �e0/k0, where �e0 is the unit polarization vector. This implies that ( �E0 · �B0) = 0,
and

(
E2

0 − c2B2
0

) = 0, or equivalently F0 = G0 = 0, for the respective relativistic invariants.
Under these assumptions, and neglecting the quadratic terms with respect to the secondary
radiation field �E, equation (2) can be written in the form

�P = �P 0 + �P r, �M = �M0 + �Mr, (5)

where the quantities �P 0 and �M0 are quadratic with respect to the intense laser field �E0, and
the quantities �P r and �Mr are quadratic with respect to the static external magnetic field �Be

and linear with respect to the radiation field �E. We have

�P 0 = −2ζc[2(�b0 · �Be)�e0 − 7(�e0 · �Be)�b0]|E0(�r⊥, η)|2 (6)

and

�M0 = 2ζc2[2(�b0 · �Be)�b0 − 7(�e0 · �Be)�e0]|E0(�r⊥, η)|2. (7)

We also have, for the small polarization terms,

�P r = −2ζc2[2B2
e

�E − 7( �E · �Be) �Be

]
, �Mr = 4ζc2( �B · �Be) �Be. (8)

Retaining only the dominant terms, we can then write the propagation equation for the
secondary radiation field �E in the form(∇2 − c−2∂2

t

) �E = μ0∂t
�J 0 − μ0c

2∇(∇ · �P 0), (9)

with the current

�J 0 = ∂t
�P 0 + ∇ × �M0. (10)

These will be the basic equations for our vacuum radiation problem, which have to be applied
to specific field geometries.

3. Photon equivalent charge

In the calculation of the source current �J 0, we now assume a geometry where the static external
magnetic field is modulated along the direction of propagation of the intense laser field �E0.
Let us call this direction the axis Oz. We then have �Be(�r) ≡ �Be(z). We note that both �M0 and
�P 0 are transverse with respect to the intense laser beam propagation. We can then write

∇ × �M0 = ∂z( �M0⊥ × �e⊥), (11)

were �e⊥ = (�ex, �ey). Or, in a more explicit form,

∇ × �M0 = −2ζc2∂z[2(�b0 · �Be)�e0 − 7(�e0 · �Be)�b0]|E0(�r⊥, η)|2. (12)

We should now realize that the laser pulse energy envelope depends on the co-moving
coordinate η = z − v0t � z − ct . This means that (∂t + c∂z) = (c − v0)∂η � 0. We
can then write, for the nonlinear current (10), the following expression:

�J 0 = −2ζc2|E0(�r⊥, η)|2 �j (∂zBe) , (13)

where �be = �Be/Be, and

�j = [2(�b0 · �be)�e0 − 7(�e0 · �be)�b0]. (14)

Let us now estimate the (∇ · �P 0) contribution to the secondary field. Noting that P0z = 0,
and assuming without loss of generality that, for a linearly polarized laser pulse, �e0 = �ex and
�b0 = �ey , we have

∇ · �P 0 = −2ζc[2∂x(�b0 · �Be) − 7∂y(�e0 · �Be)]|E0(�r⊥, η)|2. (15)

3
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We can easily understand that, for a laser pulse with a finite transverse width, or an external
magnetic field with a transverse intensity profile, this would lead to an additional contribution
to the radiation field. However, such a contribution will be considered negligible here, for
simplicity. Such an approximation is justified if we neglect the static magnetic field transverse
inhomogeneity over the laser waist, ∂⊥Be � ∂zBe. On the other hand, it can be shown that
the remaining terms will give a contribution of order λ/a � 1 to the propagation equation (9),
where λ is the wavelength of the emitted secondary radiation (to be discussed below) and a is
the laser beam waist. The equation of propagation for the secondary radiation field will then
reduce to (∇2 − c−2∂2

t

) �E = μ0c∂tQ(�r⊥, η)�j, (16)

with

Q(�r⊥, η) = −2ζc|E0(�r⊥, η)|2 (∂zBe) . (17)

This quantity Q(�e⊥, η) has the dimensions of an electric charge distribution. This can be
seen as the equivalent charge associated with the intense laser pulse propagating in vacuum.
We can give it a conceptually more interesting form, by introducing the photon occupation
number (or photon number density), as defined by [20]

N0(�r⊥, η) = ε0

4h̄ω0
|E0(�r⊥, η)|2, (18)

where the laser field spectrum is supposed to be nearly monochromatic with mean frequency
ω0. Note that, in this expression, we could have included the vacuum contribution N0 = 1/2,
but this is irrelevant here because we are dealing with very intense fields, such that N0 � 1.
The nonlinear current �J 0 can then be rewritten as

�J 0 = cq0N0(�r⊥, η)
�j

|j | , (19)

where

q0 = − ε0ζc

2h̄ω0
|j |∂zBe (20)

is the effective single photon charge due to the vacuum nonlinearities. This is qualitatively
very similar to the equivalent photon charge in a plasma already discussed in the literature
[15, 20]. Here the disturbed vacuum state can be seen as a virtual plasma, made of virtual
electron–positron pairs. But, in contrast with the real plasma case, this effective photon charge
can only exist in the presence of the inhomogeneous static magnetic field. Such a difference
is due to the different nature of the vacuum and real plasma nonlinearities.

4. Photon undulator

Let us now try to solve the above nonlinear wave equation for the particular case of a wiggler
magnetic field, with periodicity λw in the z-direction. It can be described by

�Be(�r) = �B0e sin(kwz), (21)

where kw = 2π/λw. It is clear that, if the laser field length is of the order or smaller than the
wiggler period (which is valid for pulse durations τ � λw/c), its effective charge will oscillate
along the pulse propagation, therefore leading to the emission of secondary radiation. In order
to determine its intensity and spectrum, we consider a double Fourier transformation of the
radiation field, both in time and in the transverse space variable, as defined by

�E(�r, t) =
∫

dω

2π

∫
d�k⊥

(2π)2
�Eω(�k⊥, z) exp(−iωt + i�k⊥ · �r⊥). (22)
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Replacing this in equation (16), we get(
∂2
z − k2

⊥ +
ω2

c2

)
Eω(�k⊥, z) = −iωμ0c(�j · �eω)

∫ ∞

−∞
dt

∫
d�r⊥Q(�r⊥, η) exp (iωt − i�k⊥ · �r⊥).

(23)

where we have introduced the unit polarization vector �eω for the radiation field component
�Eω(�k⊥, z). For a generic transverse or radial profile of the intense laser pulse, we can write

|E0(�r⊥, η)|2 = f (�r⊥)|E0(η)|2,
∫

f (�r⊥) d�r⊥ = 1. (24)

where f (�r⊥) is a given normalized profile function, for instance a Gaussian. Using
equations (21) and (24), we can then define an auxiliary function, such that

gω(η, �k⊥, t) = aω(�k⊥)kwBe|E0(η)|2 cos(kwz), (25)

where

aω(�k⊥) = 2ζωμ0c
2(�j · �eω)

∫
f (�r⊥) exp (−i�k⊥ · �r⊥) d�r⊥. (26)

For simplicity, we have neglected the variation of the static magnetic field Be in the transverse
direction. Equation (23) can then be written in a simpler and more appropriate form as

(
∂2
z + k2)Eω(z) = i

∫ ∞

−∞
gω(η, �k⊥, t) exp(iωt) dt, (27)

with k2 = (ω/c)2 − k2
⊥, and Eω(z) ≡ Eω(�k⊥, z). Integrating this equation, we can write for

fields propagating in the forward (positive z-direction) the following solution:

Eω(z) = − 1

2k
eikz

∫ ∞

−∞
dt eiωt

∫ z

−∞
dz′gω(η′, �k⊥, t) e−ikz′

, (28)

where η′ = z′ − ct . This solution can also be written as

Eω(z) = −aω(�k⊥)Be

kw

2k
eikz

∫ ∞

−∞
dt eiωt

∫ z

−∞
dz′|E0(η

′)|2 cos(kwz′) e−ikz′
. (29)

This leads to the following asymptotic value, observed at infinity in the forward direction

Eω(z → ∞) = −aω(�k⊥)Be

πkw

2k
eikz

∫ ∞

−∞
|E0(η)|2[e−i(k−kw)ηδ(ω − ω−)

+ e−i(k+kw)ηδ(ω − ω+)]dη, (30)

where we used the frequencies

ω± = (k ± kw)βc. (31)

where β = v/c ∼ 1 is the relative group velocity of the intense laser pulse. Only for a plane
wave with an infinite transverse width we will exactly get β = 1. It should be noted that the
delta functions in equation (30) will disappear for a wiggler field with finite length Lw. In this
case, the radiation spectrum will have a finite bandwidth, of the order of 
ω± � c/Lw, which
will be negligible for Lw � λw.

Let us now consider a laser pulse shape with an axial profile similar to that given
by equation (24), but now describing the pulse shape in the z-direction, as defined by
|E0(η)|2 = |E0|2fz(η). The asymptotic radiation field, observed at z → ∞, will then be
given by

Eω(z) = Aω eikz[fz(k − kw)δ(ω − ω−) + fz(k + kw)δ(ω − ω+)], (32)

5
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where the field amplitude is determined by

Aω = −aω(�k⊥)Be

πkw

2k
|E0|2, (33)

and fz(k ± kw) are the Fourier components of the axial profile function, such as

fz(k ± kw) =
∫ ∞

−∞
fz(η) e−i(k±kw)η dη. (34)

In the particularly interesting case of a Gaussian pulse with duration τ , defined by
fz(η) = exp(−η2/2τ 2c2), we simply have

fz(k ± kw) =
√

2πτc exp

[
−(k ± kw)2 τ 2c2

2

]
. (35)

For a pulse length much shorter than the wiggler period, we can use the approximate values
of fz(η) � δ(η) and fz(k ± kw) � 1, which is useful for simple estimates. As we can see, the
amplitude of the secondary radiation field, resulting from the intense pulse propagation along
the magnetic wiggler structure, can be estimated by

|Eω| � aω|Be|πkw

2k
|E0|2. (36)

We should note that the frequencies of the secondary radiation are only implicitly determined
by equation (31). In order to obtain an explicit value, we have to replace k by its definition, in
terms of ω. The result is

ω = kwβc

(1 − β cos θ)
, (37)

where θ is the angle of radiation emission, with respect to the axis of the magnetic wiggler
field, and is such that tan θ = k⊥/k. For nearly axial propagation θ � 0, this can also be
written in the form

ω = 2γ 2
effkwc, γeff � 1√

1 − β2 cos2 θ
. (38)

This shows a remarkable similarity with the frequency emitted by free electron lasers, where
the effective gamma factor of the intense laser pulse considered here is replaced by the gamma
factor of the relativistic electron beam. Note that we can achieve emission of very high-energy
photons, such that ω � kwc. However, the present Heisenberg–Euler model brakes down for
frequencies approaching the Compton frequency, ωC = mec

2/h̄. We can conclude that very
high-frequency photons can be emitted along the z-axis, and suggests that enhancement of
electron–positron pair creation can eventually take place in this configuration, for high enough
values of γeff .

We should also consider the possible emission of backward radiation, with propagation
along the negative z-direction. A similar asymptotic solution, symmetric to that discussed
above, but with k replaced by −k in equations (30) and (31), will then be obtained for z → −∞.
In this case, the new emitted frequencies will be determined by

ω′
± = ± kwc

(1 + | cos θ |) . (39)

A purely axial signal, with k⊥ � 0 and ω′ � kwc/2, will then be expected to propagate in the
backward direction. This can be another distinctive feature for the observation of secondary
radiation. We should however note that, for background radiation, the contributions of ∇ · �P 0

to the wave equation (9) would eventually become relevant.

6
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5. Photon transition radiation

Let us now consider a closely related type of radiation, produced by an intense laser pulse
when it crosses the boundary between a magnetized and a non-magnetized vacuum region.
This can be called photon transition radiation. Such a magnetic boundary could be described
by

�Be(z) = Be0

2
[1 − tanh(kbz)], (40)

where 1/kb gives the scale length of the boundary region. When an intense laser pulse
propagating along the z-direction crosses such a boundary, an effective electric charge suddenly
appears and vanishes. This moving charge will be associated with the effective charge
distribution

Q(�r⊥, η) = ζc|E0(�r⊥, η)|2Be0kb sech2(kbz). (41)

The radiation field in the forward direction will then be determined by

Eω(z) = − kb

4k
aω(�k⊥)Be0 eikz

∫ ∞

−∞
dt eiωt

∫ z

−∞
dz′|E0(η

′)|2 sech2(kbz
′) e−ikz′

. (42)

As an illustrative example, we consider the case of a sharp magnetic boundary, such that
kb � τc, where τ is the intense laser pulse duration. We can then replace equation (40)
by �Be(z) = Be0H(−z), where H(z) is the Heaviside function. In the expression for the
effective charge distribution (41), the hyperbolic square function will then be replaced by a
delta function (multiplied by a factor of 2), and the corresponding radiation field will be given,
far away from the boundary, by

Eω(z) = − kb

2k
aω(�k⊥)Be0 eikz

∫ ∞

−∞
|E0(t, z = 0)|2 eiωt dt. (43)

For a Gaussian laser pulse, this will lead to a burst of broadband radiation, emitted when the
laser pulse crosses the magnetic boundary, as described by

Eω(z) = −
√

π

2

kb

k
aω(�k⊥)Be0|E0|2τ exp

(
−1

2
ω2τ 2

)
eikz. (44)

We can see that the shorter the laser pulse the larger will be the secondary radiation spectrum
but also the weaker will be the intensity of its spectral components, as expected.

6. Conclusions

In this paper, a new class of nonlinear effects associated with intense electromagnetic radiation
propagating in vacuum in the presence of a static magnetic field was considered. This is
associated with the existence of an effective photon charge, due to the excitation of virtual
electron–positron pairs, as predicted by quantum electrodynamics. We have shown that such
an effective charge is similar to that already discovered for photons in a real plasma [15]. But,
in contrast with a real plasma, the effective photon charge in the nonlinear quantum vacuum
can only exist in the regions of magnetic field inhomogeneity. When an intense laser pulse
propagates in a magnetized vacuum, its effective charge distribution varies in space and time,
due to the changes of the local magnetic field, thus leading to secondary radiation.

Two particular examples of static non-uniform magnetic fields were considered. First,
we have assumed a wiggler field, similar to that used in free electron laser research, where
the static field amplitude is modulated in the forward direction. We have shown that, in this
case, a photon undulator effect can occur, leading to the emission of secondary radiation

7
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with a well-defined frequency spectrum. This effect is of the same order of magnitude as
that of the other vacuum effects mentioned in the introduction. In particular, it is closely
connected with harmonic generation, because it results from the same nonlinear terms (slowly
varying here, instead of the rapidly oscillating second-order terms previously considered in the
literature [5]).

Apart from its intrinsic value as a new process, it is also useful to compare the present
radiation mechanism with that of [8], where four-wave mixing was considered. This is a
typical experimental proposal using ultra-intense laser systems, such as the Astra Gemini
laser [21]. Two laser beams of 0.5PW can be used at an 800nm wavelength. The proposed
experimental configuration also includes the use of a third beam of 0.1PW, leading to an
expected excitation of secondary emission of 0.07 number of photons per shot, which is
marginally poor experimental observation. In that case, three laser beams with frequencies
and field amplitudes ωj and Ej , with j = 1, 2, 3, are mixed at right angles to create the
field E4 at frequency ω4. The field amplitude predicted by the present undulator process
compares with wave mixing process as |E/E4| � (ω/ω4)|(cBw/E1)(E0/E2)|. In the proposed
experiments, we typically have E1 � E0 and E2 � 10−1E0. Assuming emitted frequencies in
the range ω � 10–102ω4, the undulator process will then be more efficient than wave mixing
if cBw � 10−2–10−3E1. Such high magnetic fields are not achieved with the present wiggler
structures, but could be generated by ultra-intense intense lasers. This suggests that the present
process can be at least as efficient as that of [8], with the additional experimental advantage
of producing photons in a very different frequency range.

Second, we have shown that photon transition radiation can occur when the intense laser
pulse crosses the boundary between a magnetized and a non-magnetized region of vacuum.
A sudden variation of the effective charge distribution will then take place, leading to the
emission of a broadband burst of radiation. This new effect at a vacuum boundary is similar
to the photon transition radiation at a plasma boundary [22]. Here again, the quantum vacuum
behaves as a virtual plasma, made up of virtual electron–positron pairs. On the other hand, this
can also be considered as the analogue of the usual bremsstrahlung, where the acceleration (or
deceleration) of the charged particles is replaced by a temporal change on the photon effective
charge distribution.

In conclusion, three different properties of quantum vacuum were analysed here for the
first time: photon effective charge, photon undulator emission and photon transition radiation.
A final note concerns the symmetry of the electric and magnetic fields in the Heisenberg–Euler
Lagrangian density. For a non-magnetized vacuum, and given such a symmetry, similar effects
associated with a static electric field should be expected. A non-uniform electric field will
also induce an effective photon charge. Consequently, an intense laser pulse propagating in
a modulated electric field will be able to excite secondary undulator emission. Likewise, an
electric field boundary will produce a burst of photon transition radiation. This work could
stimulate future quantum vacuum experiments using multi-Peta–Watt laser systems [23]. Here
we have neglected the zero-point fluctuations of spinor fields with mass me in a magnetic field
[24], which could eventually lead to additional contributions. Finally, the existence of the
effective photon charge could eventually lead to photon cyclotron motion, which is clearly
linked with photon bending and vacuum lensing. This is an interesting problem to be addressed
in the future.
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